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Abstract 
In this article, we discuss the advantages of teaching and learning Geometry by means of the new educational 
technologies and the most effective teaching and learning methods in motivating students and pupils, which will lead to the 
development of attention, interactivity and feedback. 
            Students in the 3rd year, the Faculty of Mathematics, "Vasile Alecsandri" University of Bacau, and pupils from different 
schools and profiles have experienced the teaching and learning of Mathematics and Science in an innovative way. 
  The research tests and studies have demonstrated the effectiveness of teaching with the use of computers in solving 
problems and fostering knowledge of Geometry, the development of active thinking and training of skills, as well as abilities in 
representing Geometric figures in space. 
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1. Introduction 
The article presents the results of a questionnaire-based experimental research, involving an initial and final 
questionnaire, a critical analysis and discussions, statistics, evaluations and prognoses regarding the use of the 
learning technology. 
Computing technology has been used in education to increase the efficiency of education in educational 
environments. The computer technology promotes learning by creating an attractive and effective learning 
environment. 
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There are many types of educational software that can be found on the market to do exercises, calculations, 
simulations, exercises, programming, database development and other applications. The greatest advantage of 
computers is that they can operate more sophisticated and complex software. 
         All these developments have led students at the Faculty of Mathematics, "Vasile Alecsandri" University of 
Bacău, into new approaches to the design activity in Geometry lessons, with many effects on strengthening 
knowledge of Geometry in a way which actively develop the students’ abilities to represent geometric figures and 
space. 
         Today there are many technological tools that are widely used in teaching Mathematics. For example, the 
Algebra Computer systems, denoted by CAS. This system consists of software packages such as Mathematica, 
Maple and Matlab etc., which are accessible to students of different levels. Maple is one of the most popular 
systems, helping students create charts and drawings in plan and space, text editing and mathematical calculations. 
2. Methods of demonstrating the collinearity of points in space 
The collinearity problems proving that three or more points in space can be approached through specific special 
geometry methods and through planar geometry methods. (Lupu C. 2013). 
Method I. This method derives itself from the fact that if two planes have a common point then all their 
common points are collinear. Thus, if the distinct points A, B, C ... can be found simultaneously in separate ߙ and ߚ 
planes then they are collinear. 
Method II. This method derives from the theorem: The orthogonal projection of a straight line onto a plane 
(which she is not perpendicular to) is a straight line. So if three points are collinear then their projections on a plane 
are collinear and reciprocal. 
Method III. Three points are collinear if the straight lines determined by each two are parallel with the same 
straight line.  
Method IV. If we section a pyramid through two parallel planes that intersect its edges then the "analogue" 
points of its two sections and the apex are collinear. 
Method V. Collinearity of points A1, A2,....., An can be demonstrated by proving first that they are coplanar and 
then using planar geometry methods.  
Observation: To prove that four or more points are collinear the collinearity between any three among them is 
shown, resulting the collinearity of all the points (Rusu E.1983). 
We will present you one example problem for each of the five methods in which pupils have given spatial 
representations solutions and configured by computer. 
Problem 1 
Let A, B, C be three non-collinear points and O a point not belonging in the (ABC) plane. The points A′, B′, C′ 
shall be considered on the lines OA, OB, OC other than O, A, B, C and let A1, B1, C1 be the intersections between the 
straight lines BC and B′C′,  AC and A′C′,  respectively AB and A′B′. Prove that the points  ܣଵǡ ܤଵ and ܥଵare collinear 
 (Figure 1). 
Solution 
 
Fig. 1 Collinearity of points  ܣଵǡ ܤଵ and ܥଵ 
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The planes (ABC) and (A′B′C′) are distinct. Since point ܣଵis incident to the straight line BC, he is located in the 
(ABC) plane and also being incident to the straight line B′C′ he is located in the (A′B′C′) plane as well.  Then  ܣଵ א
ሺܣܤܥሻ ת ሺܣԢܤԢܥԢሻǤ Analogous  ܤଵ א ሺܣܤܥሻ ת ሺܣԢܤԢܥԢሻ and ܥଵ א ሺܣܤܥሻ ת ሺܣԢܤԢܥԢሻǤ  Following the reasoning 
expressed in Method I, it is clear that A, B and C is collinear (Branzei D.1986).   
Problem 2 
Let ABCA′B′C′ be a triangular prism with the lateral edges AA′, BB′, CC′ and the points  ܣଵǡ ܤଵ and ܥଵ are taken 
on the edges AA′, BB′, CC′ so that the segments ܣଵǡ ܤܤଵǡ ܥܥଵ have different lengths . Prove that the pairs of 
straight lines ሺܣܤǡ ܣଵܤଵሻǡ ሺܤܥǡ ܤଵܥଵሻ and  ሺܥܣǡ ܥଵܣଵሻǡ are concurrent and their points of intersection are collinear.  
Solution 
The lines AB and ܣଵܤଵare coplanar. Since ܣܣଵ and ܤܤଵaren't congruent then AB and ܣଵܤଵaren't parallel, so they 
intersect in a pointܣଶ. Let ܤଶ and ܥଶ be the analogue ofܣଶ. The points ܣଶ, ܤଶ and ܥଶ simultaneously find themselves 
in distinct planes (ABC) and (A′B′C′) therefore according to the method II, they are collinear  (Ţiţeica G. 1981).   
Problem 3 
Let SABCD be a quadrangular pyramid with S its apex, O the intersection of diagonals AC and BD , M a arbitrary 
point located on segment SO . The points A′ on SA, B′ on SB, C′ on SC and D′ on SD shall be considered so that the 
lines A′C′ and B′D′ pass through M. Prove that the pairs of straight lines (AB, A′B′), (BC, B′C′), (CD, C′D′), (AD, 
A′D′), (AC, A′C′) and (BD, B′D′) intersect in six collinear points. 
Solution  
The straight lines A′C′ and B′D′ determines a ߙ plane that contains the intersection points between each pair of 
lines (AC, A′C′) and (BD, B′D′) denoted with E and F. The straight line EF is the edge of the planes D and (ABCD). 
Let G be the intersection point between straight lines BC and B′C′. Then G is simultaneously in the α and (ABCD) 
planes and consequently he is located on the straight line EF. The belonging of the other points to the straight line 
EF is similarly justified, (Lupu C. 2013). 
Problem 4 
Let ݀ଵ and ݀ଶ be two straight lines and O a point. The ሺܱǡ ݀ଵሻ  plane intersects ݀ଶ in ܱଶ and the ሺܱǡ ݀ଶሻ   plane 
intersects with ݀ଵ  in ଵܱ. Prove that O, ଵܱ and ܱଶ are collinear.  
Solution. The ሺܱǡ ݀ଶሻ  plane contains point ܱଶ by being located on the ݀ଶ straight line. At the same time by being 
the intersection between the straight line ݀ଶ and the  ሺܱǡ ݀ଵሻ  plane is contained in plane  ሺܱǡ ݀ଵሻ. Similarly ଵܱ by 
being located on the straight line ݀ଵ, is also contained in the ሺܱǡ ݀ଵሻ  plane and by being the intersection between the 
straight line ݀ଵ and the plane ሺܱǡ ݀ଶሻ  is contained in plane ሺܱǡ ݀ଶሻ . Therefore the points ଵܱ and ܱଶare located on 
the line that intersects planes ሺܱǡ ݀ଵሻ   and ሺܱǡ ݀ଶሻ  passing though point O leading to the collinearity of points O, ଵܱ 
and ܱଶ (Popa V. 2004). 
Problem 5 
Three semi-straight lines a, b and c start from point V, all three non coplanar. On the semi-straight line a we take 
points A and A′ , on the semi-straight line b we take points B and B′ , on the semi-straight line c we take points C 
and C′ so that the sides of angles ABC and A′B′C′ aren't respectively parallel . Prove that the straight lines AB and 
A′B′, BC and B′C′, CA and C′A′ intersect in three collinear points (Figure 2). 
Solution 
 
Fig. 2 Collinearity of points M, N and P 
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The points A, B and C determine a ߙ plane . The points A′, B′ and C′ causes another ߚ plane. Planes ߙ and ߚare 
concurrent because in the plane determined by a and b extending non parallel segments AB and A′B′ we get a 
intersection point M. Since ܯ א then ܯ א Ƚ. But ܯ א ܣԢܤԢso ܯ א Ⱦwhere the following planes ߙand  ߚ having 
a common point M they have a common straight line which we denote with d . Obviously,  ܯ א ݀. We repeat the 
reasoning for the straight lines b and c, respectively a and c and we get the intersection points: N of BC with B′C′, 
respectively P of AC with A′C′, where ܲ א ݀and ܰ א ݀.  In conclusion the points M, N and P are collinear, (Miron 
R. 1968). 
3. The research methodology 
1. Aim: Identifying the students’ opinion regarding the use of computers in Geometry lessons; 
2. Period: February-May 2013, during the lectures of Mathematics and Informational technology; 
3. Place: ”Stefan cel Mare” National Pedagogical College of Bacău; 
4. Group: 180 middle school students; 
5. Research method: questionnaire with 9 items presented in Table 1, the method of the tests presented in 
Table 2 and Table 3, as well as techniques of mathematical-statistical presentation of the research data presented in 
Graph 1 and Graph 2. 
 The pre-test and post-test questionnaires have included a series of questions related to the use of computers in 
teaching-learning Geometry in middle school. The answers may be provided on a scale from 1 to 5, where: 1= to a 
very small extent/ not at all and 5 = to a very high extent.  
 
Table 1 Questionnaire on the use of the computer in learning Geometry 
 1 2 3 4 5 
1. To what extent does the computer help you in learning Geometry?      
2. To what extent does your level of Mathematical knowledge help you in learning 
Geometry? 
     
3. What role does the attitude regarding the use of the computer play in learning 
Geometry? 
     
4. What role does the experience in using computers play in learning Geometry?      
5. Which is the level of engagement in exploration as a learning strategy?      
6. How relevant is graphical representation (visual strategies) as a support in solving 
problems.  
     
7. Mention the things you liked about using computers in learning Geometry? 
8. Are you going to continue using computer software in learning? 
9. To what extent do you believe that the use of the computer is useful in learning Geometry in the current educational context? 
 
6. Hypothesis: the systematic use of computers in learning Geometry contributes to ensuring higher school 
results (O 7.1, O7.3) and building a favourable attitude (O 7.2, O 7.4).  
7. The research objectives and their correlation with the questionnaire items and present a practical model for 
using the computer.    
7.1.  Highlighting the fact that the integration of the computer in Geometry lessons in middle education ensures 
a higher level of the students’ school results (items 1 and 2); 
7.2.  Identifying the students’ attitude regarding the integration of the computer in Geometry lessons (items 3 
and 4); 
7.3.  Establishing the contributions of the graphical representations performed with the help of the computer in 
solving Geometry lessons (items 5, 6 and 9); 
7.4.  The students’ attitude regarding the integration of the computer in the process of learning Geometry (items 
7 and 8); 
In order to verify the hypothesis, we have established several research objectives to direct and guide our activity: 
1. Knowledge of the initial level of mathematical training regarding the problem-solving of competition in a space;  
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2. Identifying the frame and reference objectives of the curriculum for mathematical education, regarding the 
solving of problems of competition in space;  
3. Designing and conducting a teaching process centred on using the computer in learning Geometry; 
4. Applying the final evaluation of the students’ level of training, regarding the solving of problems of competition 
in space. 
4. The results of the research 
The students’ answers to the eight questions included in the pre-test and post-test questionnaires were: Computer 
confidence: 62% - 67%; Confidence in mathematical training: 62% - 65%; The attitude towards the use of the 
computer: 55% - 64%; The relevance of the experience in using the computers:  65% - 78%; Commitment to 
exploration as a learning strategy: 61% - 65%; The relevance of graphical representation as a support in problem 
solving:  64% - 70%.  
We may observe a slight percentage increase regarding the computer confidence, confidence in Mathematics and 
the attitude towards the computer throughout the semester. There is also a slight percentage increase regarding the 
two strategy scales.  
In relation to question 7, the most positive things about using the computer, the students made frequent 
references to the following aspects: graphics and visualization is helpful also for understanding; the speed and 
usefulness of building geometrical shapes and performing calculi; the accuracy in understanding problems as a 
result of graphic and calculus exploration; the ability to verify written calculi and confirm answers. 
We shall further present only the final evaluation test. 
1. The intersection of the diagonals AC and BD of the diamond ABCD is the point O, and the middle of the line AB 
is M. Decide if M, O and the middle of the CD are collinear points.  
2. Point E the interior of the square ABCD and F exterior, the triangles ABE and  BCF are equilateral. Demonstrate 
that the points D, E and F are collinear. 
3. Let ABCDA′B′C′D′ be a cube wherein E and F are the midpoints of edges AA′ and DD′. The points M, N 
respectively P are considered on the semi-straight lines [B′A′, [FE and [CB so thatܯܣᇱ ൌ ଵଶܯܤ
ᇱ, ܰܧ ൌ ଵଶܰܨ, ܲܤ ൌଵ
ଶ ܲܥ. Prove that the points M, N and P are collinear. 
4. An oblique parallelepiped's base ABCD is a rhombus and its lateral side AA′ creates congruent angles with its 
adjacent edges. Let M be A′ 's projection on the base plane . Prove that the points A, C and M are collinear. 
 
Table 2 Giving marks based on performance descriptors 
  Mark    
Item 
No. 
Very well Well Satisfactory 
Item 1 P the middle of CD. The triangles  BOM and DOP are 
congruent, where ע BOM{ עDOP, and M, O and  P 
are collinear.  
Point P the middle of CD and 
triangles  BOM and DOP are 
congruent 
Builds triangles  BOM and 
DOP 
Item 2 In the isosceles triangle DCF (DC = CF) there is: 
ሺע	ሻ ൌ ͳͷͲ଴, ሺע	ሻ ൌ ሺע	ሻ ൌ ͳͷ଴ and 
ሺעሻ ൌ ሺע	ሻ ൌ ͳͷ଴ the points D, E and F 
are collinear.  
ሺע	ሻ ൌ ͳͷͲ଴, 
ሺע	ሻ ൌ ሺע	ሻ ൌ ͳͷ଴ 
and ሺעሻ ൌ ሺע	ሻ ൌ
ͳͷ଴ 
In the isosceles triangle DCF 
(DC = CF) 
Item 3 Let P′ be on the semi-straight line [C′B′ so thatܲܤᇱ ൌ
ଵ
ଶ ܲܥ
ᇱ. Then PP′ is parallel with BB′. The plane (MPP′) 
is perpendicular on plane (ABCD) and intersects the 
plane (ADD′A′) after a parallel straight line P′P, so with 
the side edges of the cube. Denoting with M′  and for 
now with Q this plane's intersections with the straight 
lines A′D′ respectively EF resulting EQ || PB and M′Q|| 
P′P thus the straight lines EQ and M′Q are in plane 
(MP′P) . With that ܧܳ ൌ ଵଶܲܤ has been immediately 
obtained thus ܳܧ ൌ ଵଶܳܨ.It follows that Q coincides 
with N and the conclusion is imposed.  
Let P′ be on the semi-straight 
line [C′B′ so that ܲܤᇱ ൌ ଵଶܲܥ
ᇱ. 
Then PP′ is parallel with BB′. 
The plane (MPP′) is 
perpendicular on plane 
(ABCD) and intersects the 
plane (ADD′A′) after a parallel 
straight line P′P, so with the 
side edges of the cube. 
Let P′ be on the semi-straight 
line [C′B′ so thatܲܤᇱ ൌ
ଵ
ଶ ܲܥ
ᇱ. 
Item 4 A′AB and A′AD are congruent triangles. It follows that A′AB and A′AD are congruent A′AB and A′AD are congruent 
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A′B = A′D and A′BD is a isosceles triangle. The 
median A′O is also altitude. Since A′M ٣(ABCD) and 
A′O ٣BD then MO ٣BD. Also that AO is 
perpendicular on BD. How two perpendiculars to the 
straight line BD can't be taken through O, results that 
MO and AO are both included in AC therefore the 
points A, M and C are collinear . 
triangles. It follows that A′B = 
A′D and A′BD is a isosceles 
triangle. The median A′O is also 
altitude. Since A′M ٣(ABCD) 
and A′O ٣BD then MO ٣BD. 
Also that AO is perpendicular on 
BD. 
triangles. It follows that A′B = 
A′D and A′BD is a isosceles 
triangle. 
 
Table 3 the results obtained to the final test 
 
Marks Frequency  
Very well 56  
Well 53  
Sufficient 37  
Insufficient 34  
 
 
 
Graph 1 the results of the experimental sample to the final test 
 
 
Graph 2 Comparative analyses of the evaluation test results 
 
 Following the analysis and interpretation of the data collected during the initial evaluation, there were applied 
differentiated learning tasks, providing support particularly to children with knowledge gaps or poor mathematical 
skills. Proper methods and procedures were applied to approach these issues (exercises on correct graphical 
representation of geometrical figures, exercises on the collinearity of points in a plane and solving collinearity 
problems).  
 Concerned with ensuring an active participation of children in the activities they have conducted, the university 
students have tried to give an accurate motivation for tasks, stimulate and maintain their interest by means of 
procedures that engaged them emotionally, use the computer and other attractive materials in the most appropriate 
moments of the lesson. 
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5. Discussions  
Many students have reacted to using the computer in solving problems as if these had been a game. 
Approximately half of the questioned students say they would continue to use computers. The tutors have reported 
certain difficulties related to the use of computer science laboratories and the specific software. There were no 
relevant differences based on gender. The relevance of knowing the English language was generally acknowledged.  
The socio-professional impact estimated by students or teachers that benefit from e-learning programs appears as 
obvious every time their opinion is needed regarding the advantages or disadvantages that these posses on the long 
term, as a result of the accessibility to technology. (Lupu C., 2014 b). 
The theme of Methods of demonstrating the collinearity of points in space is attractive and useful for teachers of 
Mathematics, as well as for students, because it stimulates their imagination and thought, makes them taste the 
beauty of Mathematics, the harmony of numbers, shapes and geometrical elegance. 
6. Conclusions 
 The children’s attitude towards Mathematics and the use of the computer, the role of technology in the process of 
learning Mathematics have also been analysed in connection with the paradigm of scientific, pedagogical, 
psychological and technological training for the teaching-learning-evaluation of Mathematical knowledge, achieved 
during faculty studies through courses, pedagogical and technological training but, especially, through pedagogical 
practice. The questionnaire confirms the formative and emotional potential of using technology.  
 Many teachers appreciate the relevance of the efficient use of the computer in enhancing the motivational 
potential, in relation to learning Mathematics. They also believe that the graduates from the specialization of 
Mathematics should build the skills needed to exploit the available technological resources. The students from 
pedagogical practice and the children from the lessons of Mathematics are encouraged to use the AEL lesson packs, 
widely available, as well as special software such as GeoGebra, Allgebra, Matlab, Maple, and Mathematica. 
 The pupils discovered that using technology in mathematical education based on projects leads to the creation of 
cognition and develops a suitable behaviour in approaching the solving of mathematical problems. It also motivated 
pupils, whereas the teachers made changes in their activity of planning their lessons. (Postolică, V., Nechita, E. & 
Lupu, C., 2014). 
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